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EMBEDDING THEOREMS FOR SOLVABLE GROUPS
VITALY ROMAN’KOV
1
Abstract. In this paper, we prove a series of results on group embeddings
in groups with a small number of generators. We show that each finitely
generated group G lying in a variety M can be embedded in a 4-generated
group H ∈ MA (A means the variety of abelian groups). If G is a finite
group, then H can also be found as a finite group. It follows, that any finitely
generated (finite) solvable group G of the derived length l can be embedded
in a 4-generated (finite) solvable group H of length l+1. Thus, we answer the
question of V. H. Mikaelian and A.Yu. Olshanskii. It is also shown that any
countable group G ∈ M, such that the abelianization Gab is a free abelian
group, is embeddable in a 2-generated group H ∈ MA.
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1. Introduction
The main aim of this paper is to study embeddings of finitely generated groups
in 2- or 4-generated groups. Let G stand for a finitely generated group which lies in
a varietyM, and H for a 4-generated group in which G can be embedded. We show
that H can be found in the variety MA, where A denote the variety of abelian
groups. It follows that every finitely generated solvable group of the derived length
l can be embedded in a 4-generated solvable group of length l + 1.
We also study what further properties of G our embedding procedure endow H.
Finiteness is one of them, and if G is a finite p-group (p is a prime) , H can be
chosen as a finite p-group. Also, if G has finite exponent, then H can be made to
have finite exponent. If G is a counable group such that the abelianization Gab is
a free abelian group then H can be found as a 2-generated group.
Thus, we refine the classical results on embeddings of countable groups, a brief
overview of which is given below. These results refer to embeddings in 2-generated
groups. We do not know whether parameter 4 can be lowered in our results. We
believe that this cannot be done.
In the late 1940s, G. Higman, B. H. Neumann and H. Neumann showed that
every countable group embeds in a 2-generator group, in the same paper [3] in which
they introduced and succesifully applied HNN-extensions. Their method using free
constructions of groups did not give similar results for varieties of groups. So then
B. H. Neumann and H. Neumann in [6] applied wreath products to prove that every
countable group G lying in a variety M can be embedded in a 2-generated group
H ∈ MA2. If G is finite (p-) group, then H can be chosen as finite (p-) group.
Also, if G has finite exponent, then H can be made to have finite exponent.
1The work is supported by Mathematical Center in Akademgorodok under agreement No.
075-15-2019-1613 with the Ministry of Science and Higher Education of the Russian Federation.
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It follows that every countable solvable group of the derived length l can be
embedded in some 2-generated solvable group of length l+2. Note that this bound is
sharp. Namely, the group Q of rationals does not embed into any finitely generated
metabelian group M. Indeed, M is residually finite by Hall′s theorem proved in
[1], but Q is not. Thus we cannot lower l + 2 to l + 1 in the Neumann-Neumann
embedding theorem.
V.H. Mikaelian and A. Yu. Olshanskii gave an explicit classification of all abelian
groups that can occur as subgroups of finitely generated metabelian groups as
follows.
Theorem (V. H. Mikaelian, A. Yu. Olshanskii [5]). Let A be an abelian group.
The following properties are equivalent.
(1) A is a subgroup of a finitely generated metabelian group;
(2) A is a subgroup of a finitely generated abelian-by-polycyclic group;
(3) A is a subgroup of a finitely presented metabelian group;
(4) A is a subgroup of a 2-generated metabelian group;
(5) A is a Hall group.
Note that (3) follows from a remarkable statement independently proved by
G. Baumslag and V.N. Remeslennikov: each finitely generated metabelian group
embeds in some finitely presented metabelian group (see [10]).
By definition, A is a Hall group if
• A is a (finite or) countable abelian group;
• A = T ⊕ K, where T is a bounded torsion group (i.e., the orders of all
elements in T are bounded), K is torsion free;
• K has a free abelian subgroup F such that K/F is a torsion group with
trivial p-subgroups for all primes except for the members of a finite set
defined by K.
In [7], A. Yu. Olshanskii established a number of other embedding theorems for
metabelian groups.
Every finitely generated nilpotent group satisfies the maximal condition on sub-
groups, that is, every subgroup is finitely generated (see [2] or [10]). Hence each
non-finitely generated nilpotent group cannot be embedded in a finitely generated
nilpotent group. However every finitely generated nilpotent group embeds in some
2-generated nilpotent group of sufficiently large class [8]. Similarly, every polycyclic
group embeds in a 2-generated polycyclic group [9].
Let G be a group and g, f ∈ G. Further in the paper gf denotes f−1gf (conjugate
of g by f) and [g, f ] stands for g−1f−1gf (commutator of g and f). Also [g, f ; 1]
means [g, f ] and inductively [g, f ; k+1] stands for [[g, f ; k], f ], k = 1, 2, .... By G′we
denote the derived subgroup of G. Then Gab = G/G
′ is the abelianization of G. Z
means the infinite cyclic group and Zn denotes a cyclic group of order n.
Recall that the Cartesian wreath product of groups is defined as follows. Let A
and B be groups and D a group of all functions f : B → A with multiplication
(f1f2)(x) = f1(x)f2(x) for x ∈ B. The group B acts on D from the left by shift
automorphisms: f b(x) = f(bx) for all f ∈ D, b, x ∈ B, and the associated with this
action semidirect product D⋊B is called the Cartesian wreath product of the groups
A and B, denoted by AWrB. The subgroup D is called base subgroup of A Wr B.
Thus, every element of AWrB has a unique presentation as bf (b ∈ B, f ∈ D) and
EMBEDDING THEOREMS FOR SOLVABLE GROUPS 3
the multiplication rule follows from the conjugation formula
(1.1) f b(x) = f(bx)
in AWrB for any b, x ∈ B and f ∈ D. If instead of D one takes the smaller group
consisting of all functions with finite support, that is, functions taking only non-
identity values on a finite set of points, then one obtains a subgroup of A Wr B
called the wreath product (direct wreath product); it is denoted by A wr B.
2. Main results
The following question was posed by V. H. Mikaelian and A. Yu. Olshanskii in
[5] and was also written by A. Yu. Olshanskii in [4](Question 18.73):
Does every finitely generated solvable group of derived length l ≥ 2 embed into
a 2-generated solvable group of length l + 1? Or at least, into some k-generated
(l + 1)-solvable group, where k = k(l)?
We prove the following embedding theorems that imply an affirmative answer to
Mikaelian-Olshanskii′ question. In the following statements,M means an arbitrary
variety of groups and A is the variety of abelian groups. For s ∈ N, As means the
variety of abelian groups of exponent s.
Theorem 1. Let G be a countable group such that the abelianization Gab is a free
abelian group. Then G embeds in some 2-generated subgroup H of the Cartesian
wreath product GWrZ.
Corollary 2. (1) Let G ∈ M be a countable group such that the abelianization
Gab is a free abelian group. Then G embeds in some 2-generated group
H ∈ MA. In particular, every finitely generated group G ∈ M such that
the abelianization Gab is torsion-free, embeds in some 2-generated group
H ∈ MA.
(2) Let G be a countable solvable group of derived length l such that the abelian-
ization Gab is a free abelian group. Then G embeds in some 2-generated
solvable group H of length l+1. In particular, every finitely generated solv-
able group G of derived length l such that the abelianization Gab is torsion-
free, embeds in some 2-generated solvable group H of length l + 1.
(3) Every finitely generated group G ∈M has a subgroup K of finite index that
can be embedded in some 2-generated group H ∈ MA. In particular, every
finitely generated solvable group G of derived length l has a subgroup K of
finite index that can be embedded in some 2-generated solvable group H of
length l + 1.
Theorem 3. Let G be a countable group such that the abelianization Gab is a
direct product of a free abelian group and a finite group. Then G embeds in some
4-generated subgroup H of the Cartesian wreath product G Wr Z3.
Corollary 4. (1) Let G ∈ M be a countable group such that the abelianization
Gab is a direct product of a free abelian group and a finite group. Then G
embeds in a 4-generated subgroup H ∈ MA. In particular, every finitely
generated group G ∈M embeds in some 4-generated group H ∈MA.
(2) Let G be a countable solvable group of derived length l such that the abelian-
ization Gab is a direct product of a free abelian group and a finite group.
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Then G embeds in a 4-generated solvable group H of length l + 1. In par-
ticular, every finitely generated solvable group G of derived length l embeds
in some 4-generated solvable group H of length l + 1.
Theorem 5. Let G be a group generated by a finite set u1, ..., um of elements of
finite orders l1, ..., lm, respectively. Then G embeds in some 4-generated subgroup
H of W˜s = G wr (Zs2 × Z
2
s) where s = lcm(l
m
1 , ..., l
m
m).
Corollary 6. (1) Let G ∈ M be a m-generated group of exponent e. Then
G embeds in a 4-generated group H ∈ MAs where s = e
m+1, and so has
exponent em+2.
(2) Let G ∈ M be a finite group. Then G embeds in some 4-generated finite
group H ∈ MA. In particular, every finite solvable (p- ) group G of derived
length l embeds in some 4-generated finite solvable (p- ) group H of length
l + 1.
3. Proof of Theorem 1.
Let G be a countable group such that A¯ = Gab is a free abelian group with basis
{a¯i : i ∈ I ⊆ N}. Denote by ai a preimage of a¯i in G and set A = gp(ai : i ∈ I).
Let C be an infinite cyclic group generated by c and U = G Wr C ≃ G Wr Z.
We are to show that G embeds in some 2-generator subgroup H of U , and thus
prove Theorem 1. Now DU denotes the base group of U.
Let s1 < s2 < ... < si < ... be a sequence of positive integers such that si+j−sj =
sk+l−sl if and only if i = k and j = l. For definiteness, we take si = 2
i for i = 1, ....
This sequence is called a strictly uneven sparse sequence.
For brevity, denote ci = c
si , i = 1, 2, ..., and set C = {ci : i = 1, 2, ...}.
Suppose that G is generated by a set of generating elements {gj : j ∈ J ⊂ N}.
Let gj = a(j)g
′
j , where a(j) ∈ A, g
′
j ∈ G
′, j ∈ J. Then G = gp(ai, g
′
j : i ∈ I, j ∈ J).
Let
(3.1) g′j =
rj∏
q=1
[uj,q, vj,q];uj,q, vj,q ∈ G; j ∈ J.
Let H = gp(c, d) where d ∈ DU is defined as follows. Let C1 ⊆ C, C1 = A ⊔ U ⊔
V (|A| = |I|, |U| = |V| = |{uj,q : q = 1, ..., rj , j ∈ J}| = |{vj,q : q = 1, ..., rj, j ∈ J}|)
is a disjoint union of sets. Here I is in one-to-one correspondence ι with indexes of
elements in A, the set of all elements of the form uj,q is in one-to-one correspondence
δ with the set of indexes of all elements in U , and the set of all elements of the form
vj,q is in one-to-one correspondence λ with the set of indexes of all elements in V .
Then we set
d(cι(i)) = ai for each i ∈ I;
d(cδ(uj,q)) = uj,q, for each uj,q;
(3.2) d(cλ(vj,q)) = vj,q for each vj,q,
and d(cs) = 1 in all other cases.
First, we prove that H contains all the elements g˜′j ∈ DU such that g˜
′
j(1) = g
′
j
and g˜′j(c
s) = 1 for s 6= 0. For any pair (j, q), we compute by direct computation
that
(3.3) [d
cδ(uj,q) , d
cλ(vj,q) ](1) = [uj,q, vj,q].
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We set g˜′j = [d
cδ(uj,q) , dcλ(vj,q) ]. It remains to verify that every value g˜′j(c
s) is
trivial for each s 6= 0. This statement follows because the sequence s1, s2, ..., is
strictly uneven sparse, and therefore each other non-trivial value dcκ(uj,q)(cs), s 6= 0,
meets the trivial value of d
cλ(vj,q)(cs). Then we get, by (3.1), that gp(g˜′j : j ∈ J)(1)
= G′, therefore gp(g˜′j : j ∈ J) ≃ G
′. Obviously, g˜′j ∈ H for every j ∈ J.
Secondly, dcι(i)(1) = ai for each i ∈ I. Denote a˜i = d
cι(i) for i ∈ I. We set G˜ =
gp(a˜i, g˜
′
j : i ∈ I, j ∈ J). Then G˜(1) = G. We must show that G˜ ≃ G(1), and
conclude that G˜ ≃ G.
Obviously, there is a natural homomorphism µ : G˜→ G˜(1) with the image G˜(1).
Obviously, the restriction of µ to gp(g˜′j : j ∈ J) is an isomorphism of G˜
′ onto G′.
Suppose that z = z(a˜i1 , ..., a˜ik , g˜
′
j1
, ..., g˜′jq ) ∈ ker (µ). Then the sum of exponents σit
of a˜it in z is 0 for each t = 1, ..., k. Since the sequence s1, s2, ..., is strictly uneven
sparse all other nontrivial values of a˜it corresponding to the its occurs in z are
σit -exponents of the corresponding values of a˜it , therefore are trivial. This values
don’t depend from other factors of z. Thus, z ∈ G˜′ and therefore z = 1. Hence µ is
an isomorphism, and G embeds in H .
Theorem is proved.
Proof of Corollary 2. Let Gab = A¯ × T¯ , where A¯ is a free abelian group with
basis {a¯i : i ∈ I}, as before, and T¯ is a finite abelian group. Let ai be a preimage
of a¯i in G for i ∈ I. We define K = gp(ai, G
′ : i ∈ I). This subgroup has a finite
index in G. Then we define elements a˜i, g˜
′
j for i ∈ I and j ∈ J as above. We set
G˜1 = gp(a˜i, g˜
′
j : i ∈ I, j ∈ J). Then G˜1(1) = K, and G˜1 ≃ G˜1(1). Hence G˜1 ≃ K.
This can be confirmed by the same argument as in the proof of Theorem 1.
Corollary is proved.
4. Proof of Theorem 3.
First, we prove a number of auxiliary statements.
Let G be a group and V = G Wr Z be the Cartesian wreath product of G and
the infinite cyclic group Z = gp(b). Denote by DV the base group of V. For any
u ∈ G, let u(0) ∈ DV be the constant function u
(0) : B → G, u(0)(bi) = u, i ∈ Z.
Then [u(0), b] = 1.
Lemma 7. For any element d ∈ DV there is an element x ∈ DV for which
(4.1) d = [x, b].
Moreover, for any u ∈ G there is a unique x for which x(1) = u.
Proof. Let d = (... d−2, d−1, d0, d1, d2, ...) and x = (... x−2, x−1, x0, x1, x2, ...), where
di = d(b
i) and xi = x(b
i). Then (4.1) is equivalent to the system of equations
(4.2) x−1j xj+1 = dj , j ∈ Z.
After setting x0 = u, u ∈ U, we uniquely compute for i ≥ 1, that
(4.3) xi = ud0...di−1 and x−i = ud
−1
−1...d
−1
−i .

In other words, d is a discrete (right) derivative of x, and x is a discrete integral
of d. This integral is uniquely defined by d and its value x(1) = u. We will denote
it as I1(d, u) and write I1(d, u)
′ = d. Then we define I2(d, u) = I1(I1(d, u), u)...,
and so on. For simplicity, we keep u for all integrals.
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Corollary 8. For each u ∈ G, there are a series of elements u(k) ∈ DV , k = 1, 2, ...,
for which
(4.4) [u(k), b] = u(k−1) and u(k)(1) = u.
In particular,
(4.5) [u(k), b; k] = u(0) and [u(i), b; k] = 1 for i < k.
Proof. We define u(k) = Ik(u
(0), u) for k = 1, 2, ....

Now, let G be a group andW = G Wr Z2 be a Cartesian wreath product, where
Z2 = gp(b1) × gp(b2) is the free abelian group of rank 2 with basis {b1, b2}. Let
DW denote the base group of W consisting of all functions f : Z
2 → G, f(i, j) =
f(bi1, b
j
2) = uij , i, j ∈ Z.
For any u ∈ G we consider the subgroup Du = gp(u) Wr Z
2 of W generated by
b1, b2 and all functions f : Z
2 → gp(u) which make up the base group Du ≤ DW .
Let f(i, j) = f(bi1, b
j
2) = u
αij , αij ∈ Z, i, j ∈ Z. Then for any i0 ∈ Z, the set
C(i0)(K) of elements of the form K = {u
αi0,j , j ∈ Z}, will be called i0-column of
Du, and for any j0 ∈ Z the set R(j0)(L) of elements of the form L = {u
αi,j0 , i ∈ Z}
will be called j0-row of Du. The set K can be considered as element of the base
group D2,u of V2,u = gp(u)Wr gp(b2), and similarly the set L can be treated as
element of the base group D1,u of V1,u = gp(u)Wr gp(b1).
Let C(i0)(w
(0)), be a constant column corresponding to w ∈ gp(u). By Corollary
8, we get a series of columns C(i0)(w
(t)) such that C(i0)(w
(t))′ = C(i0)(w
(t−1))
and C(i0)(w
(t))(i0, 1) = w, t = 1, 2, .... Then [C(i0)(w
(t)), b2; t] = C(i0)(w
(0)) and
[C(i0)(w
(t)), b2; t+ r] = 1 for every r ≥ 1.
Similarly, we get the elements R(j0)(w
(t)), t = 0, 1, 2, ..., that satisfy the follow-
ing properties: [R(j0)(w
(t)), b1; t] = R(j0)(w
(0)) and [R(j0)(w
(t)), b1; t + r] = 1 for
every r ≥ 1.
Now we are ready to prove a key lemma that allows us to distinguish individual
elements of a given finite set, while at the same time making other elements of this
set trivial. We are dealing with the group W = G Wr(gp(b1) × gp(b2)) defined
above.
Lemma 9. Let u1, ..., ut be a finite set of nontrivial elements of G. Let u
(0)
i ∈ DW
be a constant function with the value ui. Then there exist functions fi ∈ DW , all
of whose values belong to gp(ui), which satisfy the following properties.
(4.6) [fi, b2; i; b1, t− i] = u
(0)
i , [fj , b2; i; b1, t− i] = 1 for i 6= j, i, j ∈ {1, ..., t}.
Proof. To construct fi we define its 0-row
R(0)(u
(t−i)
i ) = (...u
α−1,0
i , u
α0,0
i , u
α1,0
i , ...).
Then we build each column as
C(j)(u
αj,0
i )
(i)
and we have as a result fi. By construction every jth column of [fi, b2; i] is a
constant function with value u
α0,j
i , j ∈ Z. Then
[fi, b2; i, b1; t− i] = u
(0)
i and [fq, b2; i, b1; t− i] = 1 for q < i.
It happens because the columns are constructed as discrete integrals.
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Let q > i. By construction R0(u
(t−q)
q , b1; t − i] = 1. In other words, this is true
for a 0-row that does not change during the process of differentiating columns.
Consider a more general case. Assume that u ∈ G and q ≥ 0. For r ≥ 0, we fix
0-row R(0)(u(r) = (...uα0,−1 , uα0,0 , uα0,1 , ...).. Then we expand this row to element
f ∈ DV by adding the columns C(j)(u
αj,0)(s) for some s ≥ 0. Obviously, for s = 0
we have [f, b1; r+1] = 1. We will prove by induction on s that this equality is true
in general case.
Let it is true for s−1. The value uαij of the function [f, b1; r+1] in any point (i, j)
can be computed as follows. There is a Z-linear function L(αi,j , αi+1,j , ..., αi+r+1,j .
This function does not depend from s. By our assumptions, the value of this
function for any s is 0 for j = 0 and any i. By the assumption of induction, for
s− 1 the value of this function is zero for every j.
Then this is true for j = 1 and j = −1. Indeed, if the 1-row for s is
(..., uβ−1,1 , uβ0,1 , uβ1,1 , ...)
and 0-row is
(...uγ−1,1 , uγ0,1 , uγ1,1 ...),
then 0-row for s− 1 is
(..., uβ−1,1−γ−1,1 , uβ0,1−γ0,1 , uβ1,1−γ1,1 , ...).
Then by the assumption of induction
L(βi,j − γi,j) = L(βi,j)− L(γi,j) = −L(γi,j = 0.
Similarly, this can be proved for j = −1. Continuing, we will get that this is true
for s and each j.

We proceed directly to the proof of the Theorem 3.
Let G be a countable group such that the abelianization Gab is a direct product
of a free abelian group A¯ with a basis {a¯i : i ∈ I ⊆ N} and a finite abelian group
U¯ = gp(u¯1, ..., u¯t). Let ai denote a preimage of a¯i and uj denote a preimage of u¯j
in G. Let A = gp(ai : i ∈ I) and U = gp(u1, ..., ut).
Consider the Cartesian wreath product W˜ = G Wr (C × B), where C = gp(c)
is an infinite cyclic group and B is a free abelian group with base {b1, b2}. Then
W˜ ≃ G Wr Z3. By DW˜ we denote the base group of the group W˜ .
First, we will do the same as in the proof of Theorem 1. Let s1 < ... < si < ...
be a strictly uneven sparse sequence of positive integers, i.e., si+j − sj = sk+l − sl
if and only if i = k and j = l. For definiteness, we take si = 2
i for i = 1, 2, .... For
brevity, denote ci = c
si , i = 1, 2, ..., and set C = {ci : i = 1, 2, ...}.
Suppose that G is generated by a set of elements {gm : m ∈ M ⊂ N} such that
G′ = gp(gm,m′ = [gm, g
′
m] : m,m
′ ∈ M). Then G = gp(ai, uj, gmm′ : for i ∈ I, j ∈
{1, ..., t},m,m′ ∈M).
Let H = gp(c, b1, b2, d) where d ∈ DW˜ is defined as follows.
Let C1 ⊆ C be a disjoint union {c1, ..., ct} ⊔ I ⊔M where |I| = |I|, |M| = |M |.
Here I is in one-to-one correspondence ι with the set of indexes of elements in I,
M is in one-to-one correspondence µ with the set of indexes of elements in M.
Let DW be the base group in W = G Wr gp((b1) × gp)b2) and u
(0) ∈ DW
denote a constant function with the value u ∈ G. Let f(j) ∈ DW , j = 1, ..., t,
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are the elements constructed in Lemma 9. When constructing d we use f(j), j =
1, ..., t; a
(0)
i , i ∈ I, and g
(0)
m ,m ∈M. All values of d belong to DW .
Then we set
d(cj) = f(j), j = 1, ..., t;
(4.7) d(cι(i)) = a
(0)
i , i ∈ I;
d(cµ(m)) = g
(0)
m , m ∈M.
and we set d(cs) = 1 in all other cases when s 6∈ C1.
Then G(0) = gp(u
(0)
j , a
(0)
i , g
(0)
m : j = 1, ..., t; i ∈ I,m ∈ M) ≃ G. For any u(0),
one has u(0), b1] = u
(0), b2] = 1. We note also that G
(0) = gp(u
(0)
j , a
(0)
i , g
(0)
m,m′ : j =
1, ..., t; i ∈ I,m,m′ ∈M)
For any h ∈ D,h(1) means h(1, 1, 1). We write h˜(1) when all other values
h(ci, bj1, b
k) are trivial.
At first we prove by direct computation that H contains all elements of the form
g˜
(0)
m,m′(1) (remind that ci means c
si) :
(4.8) g˜
(0)
m,m′(1) = [d
cµ(m) , dcµ(m′) ], m,m′ ∈M.
Similarly we get
(4.9) u˜
(0)
j (1) = [d, b2; j, b1, t− j]
cj , j = 1, 2, ..., t.
If |I| ≥ 2, we cannot get a˜
(0)
i in the similar way. Instead we will use the following
elements:
(4.10) a¯
(0)
i (1) = (d
cι(i) , i ∈ I).
We have
(4.11) G˜ = gp(u˜
(0)
j (1), g˜
(0)
m,m′(1), a
(0)
i (1) : j = 1, ..., t;m,m
′ ∈M, i ∈ I) ≃ G.
Let
(4.12) G¯ = gp(u˜
(0)
j (1), g˜
(0)
m,m′(1), a¯
(0)
i (1) : j = 1, ..., t;m,m
′ ∈M, i ∈ I) ≤ H.
There is a natural homomorphism (projection) ν of G¯ onto G˜. In fact, ν is an
isomorphism. Indeed, suppose that for some word z we have
(4.13) z(a¯
(0)
1 (1), ..., a¯
(0)
k (1), u˜
(0)
1 (1), ..., u˜
(0)
t (1), g˜
(0)
m1.m
′
1
(1), ..., g˜
(0)
mq,m′q
(1)) ∈ ker(µ).
Since a1, ..., ak induce a part of base of the free abelian group Gab every exponent
sum σi of a˜
(0)
i (1), i = 1, ..., k, in z is 0. Then every other value corresponding to
entries of a˜i in z is trivial. Then g is independent of a¯i(1) for each i ∈ I. Therefore,
g has only trivial values outside of 1. It follows that G¯ ≃ G.
Theorem is proved.
Remark 10. If the group G is finitely generated, then the proof of Theorem 3 can
be carried out without introducing elements of the form ai, i ∈ I.
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5. Proof of Theorem 5
Let us see what can be said if a group G is generated by a finite set of elements
of finite orders.
Let G be a group and V = G Wr Z be a wreath product of G and Z = gp(b).
As usual DV means the base group of V .
Lemma 11. Let u ∈ G be an element of a finite order l. Suppose, that every
component of d ∈ DV belongs to gp(u) and d is a non-constant periodic function.
This means that there is a number r > 0 (period) such that d(bi+r) = d(bi) for all
i. Let d(1) = ui0 , i0 ∈ N.
Let x ∈ DV satisfy the condition [x, b] = d and x(1) = u
i0 . Then x is periodic
with period lr.
Proof. Let d = (...d−2, d−1, d0, d1, d2, ...) and x = (...x−2, x−1, x0, x1, x2, ...), where
di = d(b
i) and xi = x(b
i). We find x as in the proof of Lemma 7.
Then for any i ≥ 0, by (4.3),
xi+lr =
lr−1∏
j=0
ui0dj = uio and x−i−lr =
−lr∏
j=−1
ui0d
−1
j = ui0 ,
because, the product of all elements from l periods is 1. Therefore x(i + r) = x(i)
for all i.

Corollary 12. Suppose that the conditions of Lemma 11 are satisfied. Let Vlr =
G wr Zlr be the wreath product of G with the cyclic group Zlr = gp(blr) of order
lr. By DVlr we denote the base subgroup of Vlr. Since d and x are lr-periodic they
can be considered as elements of DVlr . Then d = [x, blr] in Vlr.
Let u ∈ G, u 6= 1 and ul = 1. Then
u(1) = (...u−2, u−1, u0, u1, u2, ...)
is obviously l-periodic. By Lemma 11, u(2) is l2-periodic, and so on.
We can consider the elements u(0), u(1), ..., u(t) as elements of DVlt , the base
subgroup of Vlt = G Wr Zlt , where Zlt = gp(blt) is the cyclic group of order l
t.
It follows that we have the following finite analogue of Corollary 8.
Corollary 13. For each u ∈ G, ul = 1, there are a series of elements u(k) ∈
DVlt , k = 1, 2, ..., t for which
(5.1) [u(k), b] = u(k−1) and u(k)(1) = u.
In particular,
(5.2) [u(k), b; k] = u(0) and [u(i), b; k] = 1 for i < k.
Lemma 14. Let u1, ..., um ∈ G be elements of finite orders l1, ..., lm, respectively.
Let s = lcm(lm1 , ..., l
m
m). Let Vs = G wr Zs be the wreath product of G with the
cyclic group Zs = gp(bs) of order s. By DVs we denote the base subgroup of Vs.
Then each of the elements u
(i)
i , i = 1, ...,m that can be constructed by Corollary 13
can be considered as element of DVs . These elements have the following properties:
(5.3) [u
(k)
i , bs] = u
(k−1)
i , [u
(k)
i , bs; k] = u
(0)
i for k = 1, ...,m
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and
(5.4) [u(i), bs; k] = 1 for i < k.
The following lemma is an analogue of Lemma 9.
Lemma 15. Let u1, ..., um ∈ G be elements of finite orders l1, ..., lm, respectively.
Let s = lcm(lm1 , ..., l
m
m). LetWs = G wr Z
2
s be the wreath product of G with the direct
product gp(b1,s)× gp(b2,s) of two cyclic groups of order s each. Let u
(0)
i ∈ DWs be
a constant function with the value ui. Then there exist functions fi ∈ DWs , all of
whose values belong to gp(ui), which satisfy the following properties.
(5.5) [fi, b2,s; i; b1,s; t−i] = u
(0)
i , [fj , b2,s; i; b1,s; t−i] = 1 for i 6= j, i, j ∈ {1, ...,m}.
The proof completely repeats the proof of Lemma 9, taking into account Lemma
14.
We proceed directly to the proof of Theorem 5. We keep the notation introduced
above.
Now G is a group generated by a finite set u1, ..., um of elements of finite orders
l1, ..., lm, respectively. We can assume that m ≥ 2. By Lemma 15, we construct the
wreath product Ws = G wr Z
2
s and elements fi ∈ DVs , i = 1, ...,m, which satisfy
the equalities (5.5).
Let W˜s = G wr (Zs2 ×Z
2
s), where Zs2 = gp(cs) and Z
2
s = gp(b1s) × gp(b2s). Let
s1 < s2 < ... < sm be a strictly uneven sparse sequence of positive integers such
that si+j − sj = sk+l − sl if and only if i = k and j = l. For definiteness, we take
si = 2
i for i = 1, ...m. Since s ≥ 2m this property is valid modulo s2 ≥ 2m+1.
The rest of the proof completely repeats the arguments of the proof of Theorem
3.
Theorem is proved.
Proof of Corollary 6. Now we can take in the proof of Theorem 5, instead of the
active group Zs2 ×Z
2
s in W˜s, the group Zem+1 ×Z
2
e, and get the statement 1). The
statement 2) follows directly from 1).
Corollary is proved.
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